Abstract-The cubic approximation to the dispersion relation for a mental papers on the relativistic backward-wave oscillator relativistic backward-wave oscillator is obtained, and the utility and limits of the approximation are presented. The approximation is obtained by Taylor series expansion of the wave admittance in the dispersion relation for the transverse-magnetic and free-streaming modes of a relativistic, thin, hollow, cylindrical electron beam moving along the axis of a disc-loaded waveguide in a strong axial magnetic field. The resulting cubic dispersion relation yields instability growth rates and frequencies which fall off beyond their maxima more sharply with increasing wavenumber than for the complete dispersion relation. However, the approximation is found to be quite good near the operating points of contemporary high-power relativistic backward-wave oscillators, namely, for relatively long wavelength and small ratio of Budker's parameter to the relativistic gamma factor of the beam.
I. INTRODUCTION ECENTLY, we derived a closed algebraic dispersion R relation, representing the linear stability properties of the free-streaming modes of a relativistic, thin, hollow, cylindrical electron beam moving down the axis of a discloaded waveguide in a strong axial magnetic field [ 13. The analysis was restricted to small ratios of Budker's parameter to the relativistic gamma factor of the beam, and selffields were neglected. The equilibrium distribution funcare given in [ 11. Still more recently, other significant work on dispersion theoretic analysis of backward-wave oscillators with corrugated slow-wave structures has appeared
In the present work, we derive a useful approximate form for the dispersion relation, by performing a Taylor series expansion of the wave admittance to first order in the difference between the frequency and the unperturbed beam frequency. The approximate dispersion relation thereby obtained is a cubic in the frequency, and therefore a completely analytical explicit solution of the backwardwave oscillator dispersion relation is furnished.
In Section 11, we review the complete dispersion relation for the relativistic backward-wave oscillator. Section I11 presents the derivation of the approximate cubic dispersion relation. Section IV presents the results of calculations of the sensitivity of the growth rate and frequency to Budker's parameter, and comparisons with the results of [l] are made. Section V draws conclusions.
P I , [31.
11. COMPLETE DISPERSION RELATION tion was assumed to be given by the product of a delta function in energy, a delta function in canonical angular momentum. and a Lorentzian function in axial canonical
The dispersion relation for a relativistic backward-wave oscillator, which was derived previously, is given by [ 13 momentum. The infinitely long annular electron beam was assumed to have negligible thickness. A very strong external axial magnetic field and azimuthal symmetry were also assumed. The free-streaming transverse-magnetic modes dominated, and the perturbed distribution function was approximated by using the method of characteristics. A long-wavelength approximation was also made, and negligible axial variation of the fields in the resonators was assumed. The resonance condition was enforced by requiring continuity of the average azimuthal component of the magnetic field at the inner boundary of each resonator.
Important references to recent theoretical and experi- where v = N b e 2 / m c 2 is Budker's parameter, Nb is the number of electrons per unit axial length, -e and m are the electron charge and rest mass, respectively, c is the speed of light in vacuum, and Ybmc2 is the characteristic electron energy in the laboratory frame. Also in ( l ) , the axial wavenumber k, for harmonic number s is given by
where L is the distance between adjacent discs of the discloaded waveguide (see where J,, ( x ) and Nn ( x ) are n th-order Bessel functions of the first and second kinds, respectively; Ro is the radius of the beam; the parameter p s is defined by
and the function g, ( w , k ) is given by
In (5) R, is the inner-wall radius of the disc-loaded waveguide, and the function F ( w , k ) is defined by
Here, 6 is the disc thickness, the function 8, is defined by e, = k , (~ -q / 2
and the vacuum dispersion function D ( w , k ) for the discloaded waveguide is given by
where R, is the outer-wall radius of the disc-loaded waveguide.
CUBIC DISPERSION RELATION
The linear Vlasov-Maxwell dispersion analysis is selfconsistently restricted to frequencies near the unperturbed beam frequency wb , namely, where A useful approximate form for the complete dispersion relation of the relativistic backward-wave oscillator is obtained by performing a Taylor series expansion of the wave admittance r ( w , k ) in ( 1 ) to first order in w -wb, consistent with (9) and (10). We also approximate the already small numerator of the left-hand side of ( 1 ) by replacing w2 by w l . Equation ( 1 ) becomes
Y b
Substituting (3) 13)-(16), r ( wb, k ) , the wave admittance evaluated at 
IV. INSTABILITY GROWTH RATE AND FREQUENCY
In the dispersion relation, (12), Budker's parameter appears only in A4 ( k ) , which is given by (16). We calculate here the dependence of the instability on Budker This case is that of a cold beam, A = 0, with space harmonic number s = 0. Fig. 2 agrees quite well with [ l , Fig. 41 with nearly the same parametric dependence on Budker's parameter. The deviations in growth rate and frequency are seen to increase with increasing values of Budker's parameter, especially for larger values of the wavenumber. The approximate cubic dispersion relation yields an instability growth rate and a frequency that fall off beyond their maxima more sharply with increasing wavenumber than for the complete dispersion relation.
In Fig. 3 , the case of a hot beam with longitudinal momentum spread A = 0. l is calculated for the same values of the other parameters as in Fig. 2 . Again, the agreement with [ l , fig. 51 is quite good, with deviations analogous to those described above.
In Fig. 4 , the same calculation as in Fig. 2 for a smaller value of the beam radius, namely R,/R, = 0.2, and approximates [ 1, fig. 61 . If should be stressed that in using the cubic dispersion relation, (12), in other parameter regimes, one should first check that the model approximations outlined in Section I are applicable, and also that the Taylor series expansion leading to (12) is valid. In particular, if the derivative d r /dw I = Wb and/or higher derivatives are too large, then the Taylor series expansion in (1 1) will be inapplicable. However, once the validity of the approximations leading to the cubic dispersion relation is established in a parameter regime of interest, then the cubic dispersion relation will enable useful explicit analytical sensitivity analyses to be performed.
V. CONCLUSION
In this paper we have derived an approximate cubic dispersion relation for a relativistic backward-wave oscillator. This dispersion relation is given by (12), a vanishing polynomial, cubic in the frequency, and with wavenumber-dependent coefficients given explicitly by ( 13)-(32). The cubic dispersion relation was shown to be in quite good agreement with the complete dispersion relation, ( l ) , at operating points typical of contemporary high-power relativistic backward-wave oscillators, especially for small values of the ratio of Budker's parameter to the relativistic gamma factor of the beam. The cubic disper-sion relation will facilitate completely analytical sensitivity and design analyses.
